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Quantum tunneling between two potential wells in a magnetic field can be strongly increased
when the potential barrier varies in the direction perpendicular to the line connecting the two wells
and remains constant along this line. An oscillatory structure of the wave function is formed in
the direction joining the wells. The resulting motion can be coherent like motion in a conventional
narrow band periodic structure. A particle penetrates the barrier over a long distance which strongly
contrasts to WKB-like tunneling. The whole problem is stationary. A not very small tunneling
transparency can be set between two quantum wires with real physical parameters and separated
by a long potential barrier. The phenomenon is connected to Euclidean resonance.
PACS numbers: 03.65.Xp, 03.65.Sq
I. INTRODUCTION
According to Wentzel, Kramers, and Brillouin (WKB)
[1], there is a finite probability w ∼ exp(−A) of quantum
tunneling through an one-dimensional potential barrier.
This probability becomes negligible for semiclassical bar-
riers when A = 2ImS/~ and a classical under-barrier ac-
tion S is big. In two-dimensions the most convenient way
to calculate the exponent A is by the use of a classical
trajectory x(τ), y(τ) in imaginary time t = iτ [2,3,4,5,6].
The trajectory goes in a classically forbidden area (under
the barrier) and connects two classically allowed regions.
The classical action, constructed by means of this tra-
jectory, is called Euclidean action and determines WKB-
type exponent A. The method of classical trajectories is
relatively simple since it allows to determine the tunnel-
ing probability in the main (no pre-exponent) approxi-
mation exp(−A) just only solving Newton’s equation of
motion.
The problem of quantum tunneling in a magnetic field
was addressed in Refs.[7,8,9]. In the Landau gauge there
is a parabolic gauge potential mω2c (x − x0)2/2 superim-
posed upon the tunnel barrier potential. The cyclotron
frequency is ωc = |e|H/mc and tunneling occurs in the x-
direction. If the tunnel barrier is not a constant, contain-
ing weak impurity centers, x0 becomes spatially depen-
dent resulting in a variable gauge potential of a sawtooth
shape (parabolic segments) instead of pure parabolic one.
This potential is “pinned” by impurities, separated by
the characteristic distance b, and repeats their positions
[7,8]. In the regime of a strong magnetic field, when the
energy mω2cb
2/2 exceeds a height of the tunnel barrier,
an electron tunnels incoherently through each peak of
the gauge potential. For this incoherent motion the total
probability of tunneling is a product of partial ones.
This process can be elegantly described in terms of
classical trajectories in imaginary time [10,11]. In this
formalism the coordinate x(τ) remains real but y(τ) =
−iη(τ) becomes imaginary. For the strong magnetic field
a kinetic energy is not important and one can consider a
massless limit.
When the magnetic field is not strong, kinetic en-
ergy enters the game and a scenario of tunneling can be
dramatically different. Below we consider a static two-
dimensional tunnel potential which, in the barrier region,
is only y-dependent, tunneling occurs in the x-direction,
and the static magnetic field is directed along the z-axis.
As in Refs. [10,11], we use a method of classical trajecto-
ries to find a tunneling probability.
As shown in the paper, when the magnetic field is
close to a certain value HR the probability of tunnel-
ing w ∼ exp(−A) through a long barrier becomes not
exponentially small since A → 0. This process can be
called long distance tunneling. It strongly contrasts to
WKB-like tunneling which is associated solely with an
exponential decay inside a barrier.
In general, a phenomenon, when A→ 0 at some value
of a parameter, is referred to as Euclidean resonance. It
was initially studied in papers [12,13,14,15,16] for tunneling
through nonstationary barriers when A→ 0 at a certain
value of an ac amplitude. In our case of a static potential
barrier in a static magnetic field Euclidean resonance also
takes place. It occurs at H = HR and it is a reason of
the above mentioned long distance tunneling.
A schematic interpretation of long distance tunneling
is associated with formation of a variable gauge poten-
tial, as for a barrier with impurities [7,8]. In our case
there are no impurities and the variable gauge potential
is formed due to an intrinsic mechanism. It is periodic in
the direction of tunneling. An electron can move in this
periodic potential in a way similar to conventional mo-
tion in a periodic structure with a narrow energy band.
In this structure tunneling processes through subsequent
periodic barriers are strongly coherent and there is no
exponential decay of a moving wave packet [17]. One can
say that the magnetic field sets a long distance under-
barrier coherence.
The goal of this paper is not to investigate long dis-
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FIG. 1: An one-dimensional symmetric potential. The well in
the center is of a δ-type. An electron from the quasi-discrete
state with the energy E can tunnel through the right (left)
barrier.
tance tunneling in details but rather to establish the phe-
nomenon. One can conclude that the nature allows, in
principle, a long distance motion under an almost clas-
sical potential barrier which strongly contrasts to WKB-
like tunneling.
II. TUNNELING IN ONE DIMENSION
Suppose that an one-dimensional potential V (x),
shown in Fig. 1, is symmetric, V (−x) = V (x) and
V (x) = 0 at 0 < x < R. At x = R the potential has
a jump as for a rectangular barrier. Close to the point
x = 0 the potential has the form
V (x) = −~
√
2|E|
m
δ(x) (1)
where E < 0 is a discrete energy level in the δ-potential if
the barrier would be infinitely long (R → ∞). Since the
barrier length R is big but finite the energy level turns
into a quasi-level with an exponentially small width. The
probability of tunneling from the localized state at x = 0
through the barrier to the right (or left) is given by the
WKB expression [1]
w ∼ exp(−AWKB); AWKB = 2
√
2m|E|
~
R (2)
The result (1) is valid with the exponential accuracy (no
pre-exponential factor).
III. TUNNELING IN A MAGNETIC FIELD
In this Section we consider an electron localized in the
plane {x, y}. A magnetic field H is directed along the
z-axis.
A. Quantum mechanical problem
Suppose the motion of an electron in the {x, y} plane to
occur in the potential u(y)+V (x) where V (x) is plotted
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FIG. 2: The wave function at x = 0 (before tunneling) and
x = R (after tunneling) in the two-dimensional case with the
magnetic field.
in Fig. 1 (with the property (1)) and u(y) is even with
respect to y. Below we consider the form
u(y) = u0
(
y2
a2
+
y4
a4
)
(3)
with a positive u0. Then the Schro¨dinger equation with
the vector potential ~A = {−Hy, 0, 0} has the form [1]
− ~
2
2m
(
∂
∂x
− imωc
~
y
)2
ψ − ~
2
2m
∂2ψ
∂y2
+ [u(y) + V (x)]ψ
= Eψ (4)
Strictly speaking, an exact Schro¨dinger equation for the
potential in Fig. 1 is not static since there is a weak leak-
age through the potential barrier. But the dynamical
corrections are exponentially small (generic with the ex-
pression (2)) and the static equation (4) is valid with this
accuracy. If to take a symmetric V (x) (with the property
(1)) which is zero at 0 < x excepting the δ-well of the
type (1) at x = R, than the static Schro¨dinger equation
(4) would be exact with any accuracy.
Below we consider a wave function of the form
ψ(x, y) =
∞∑
n=0
[Pn(x)ϕ2n(y) + iQn(x)ϕ2n+1(y)] (5)
where the real functions Pn(x) and Qn(x) satisfy the re-
lations Pn(−x) = Pn(x) and Qn(−x) = −Qn(x). The
full set of real eigenfunctions ϕn(y) is determined by the
equation for the harmonic oscillator
− ~
2
2m
∂2ϕn
∂y2
+
u0
a2
y2ϕ =
~
a
√
u0
2m
(1 + 2n)ϕ (6)
Note, that ϕ2n(y) is even with respect to y and ϕ2n+1(y)
is odd [1]. It is easy to check that a solution of the type
(5) does not contradict to the equation (4).
It follows from Eqs. (5) and (1) that
∂ψ(x, 0)
∂x
∣∣∣∣∣
x=0
= −
√
2m|E|
~
ψ(0, 0),
∂ψ(0, y)
∂y
∣∣∣∣∣
y=0
= 0
(7)
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FIG. 3: The wave function ψ(x, y) at x = 0 and x = R when
yexit = 0. The dashed curve shows schematically a “bypass”
provided by the complex classical trajectory operating with
ψ(x,−iη).
A profile of the wave function is shown in Fig. 2 at x = 0
and x = R. At x = 0 it corresponds to the conditions
(7). On the exit line x = R a modulus of the wave func-
tion reaches a maximum at a certain point yexit which
is determined by a solution of the Schro¨dinger equation.
Therefore, a probability of tunneling can be defined as
w =
∣∣∣∣∣ψ (R, yexit)ψ (0, 0)
∣∣∣∣∣
2
(8)
B. Quasi-classical approach
Since the potential barrier in Fig. 1 is weakly transpar-
ent one can use quasi-classical approximation [1] for the
wave function under the barrier, in the region 0 < x < R,
ψ(x, y) ∼ exp
[
i
~
S(x, y)
]
(9)
where S(x, y) is a classical action satisfying the equation
of Hamilton-Jacobi
1
2m
(
∂S
∂x
−mωcy
)2
+
1
2m
(
∂S
∂y
)2
+ u(y) = E (10)
According to Eq. (7), the action S(x, y) obeys the condi-
tions
∂S(x, 0)
∂x
∣∣∣∣∣
x=0
= i
√
2m|E| , ∂S(0, y)
∂y
∣∣∣∣∣
y=0
= 0 (11)
The equation (9) defines the wave function only with the
main (exponential) accuracy. This means that a pre-
exponential factor, which is less significant in quasiclas-
sical case, is neglected. As follows from Eqs. (8) and (9),
the tunneling probability in the main approximation has
the form
w ∼ exp
{
− 2
~
Im [S (R, yexit)− S (0, 0)]
}
(12)
C. Classical trajectories
Let us consider a classical motion of an electron in the
potential u(y)
m
∂2x
∂t2
= −mωc ∂y
∂t
, m
∂2y
∂t2
= mωc
∂x
∂t
− ∂u(y)
∂y
(13)
with the initial conditions
x(t0) = y(t0) = 0,
∂x(t)
∂t
∣∣∣∣∣
t0
= i
√
2|E|
m
,
∂y(t)
∂t
∣∣∣∣∣
t0
= 0
(14)
The equations of motion (13) together with the condi-
tions (14) determine a classical trajectory fully.
The general expression
dS(x, y) =
∂S
∂x
dx+
∂S
∂y
dy (15)
along the classical trajectory {x(t), y(t)} turns into
dS =
(
∂S
∂x
∂x
∂t
+
∂S
∂y
∂y
∂t
)
dt (16)
Along the trajectory classical momenta px and py obey
the conditions
px =
∂S
∂x
= m
∂x
∂t
+mωcy, py =
∂S
∂y
= m
∂y
∂t
(17)
One can consider the action S(x, y) not in the full two-
dimensional plane but only on the classical trajectory
S [x(t), y(t)]. The initial conditions for the classical tra-
jectory (14) are chosen in order to match the conditions
(11) for the action. Therefore, as follows from Eq. (16),
S [x(t), y(t)]− S (0, 0) =
∫ t
t0
dt1
(
px
∂x
∂t1
+ py
∂y
∂t1
)
(18)
According to classical mechanics,
px
∂x
∂t
+ py
∂y
∂t
= L+H (19)
where L is a Lagrangian and H is a Hamiltonian. Using
the expression for a Lagrangian in the magnetic field [18]
and taking H = E, one can rewrite Eq. (18) in the form
S [x(t), y(t)] − S (0, 0) =
∫ t
t0
dt1
[
m
2
(
∂x
∂t1
)2
(20)
+
m
2
(
∂y
∂t1
)2
+mωcy
∂x
∂t1
− u(y) + E
]
The total energy of an electron, which moves along the
classical trajectory in the magnetic field, is
E =
m
2
(
∂x
∂t
)2
+
m
2
(
∂y
∂t
)2
+ u (y) (21)
4D. Complex classical trajectories
Our goal is to apply Eq. (20) for calculation of the tun-
neling probability (12). In other words, one should find
a trajectory which connects two top points in Fig. 2. A
problem is that there is no conventional classical trajec-
tory under the barrier since at E < u(y) the kinetic part
of the total energy (21) becomes negative. Nevertheless,
there is a famous method to avoid this difficulty. One
should formally use imaginary time t = iτ [2,3,4,5,6]. In
this case the kinetic part of the total energy (21) is nega-
tive which allows a motion under the barrier. One should
put t = iτ in all previous equations for the classical tra-
jectories.
As follows from the classical equations of motion (13),
the coordinate x(τ) remains real in imaginary time but
the other coordinate becomes imaginary y(τ) = −iη(τ).
Generally speaking, this results in an imaginary termi-
nal point y(t) in the left-hand side of Eq. (20). It means
that the trajectory leads to an unphysical terminal point
which does not make the method applicable. However,
the method becomes physically correct if, under certain
conditions, the terminal point turns to zero since there
is no difference how to approach zero, from real or imag-
inary direction.
As shown below, the exit point yexit in Fig. 2 turns to
zero at certain values of the magnetic field. This situa-
tion relates to Fig. 3. In this case there is a trajectory
connecting the top points in Fig. 3 drawn by the dashed
curve. For this trajectory it is convenient to choose in
Eq. (20) t = 0 and t0 = iτ0 where τ0 is some “moment”
of imaginary time to be determined from the condition
x(0) = R. In this situation the left-hand side of Eq. (20)
coincides with the exponential in Eq. (12) which justifies
the method of trajectories.
Now one can formulate a problem of calculation of tun-
neling probability in terms of complex classical trajec-
tories. Again, this method, in its present formulation,
works solely at the certain values of the magnetic field
when yexit is zero. The probability of tunneling
w ∼ exp (−A) (22)
according to Eqs. (12) and (20), is expressed through the
Euclidean action
A =
2
~
∫ τ0
0
{
m
2
(
∂x
∂τ
)2
− m
2
(
∂η
∂τ
)2
+mωcη
∂x
∂τ
+ u (−iη)− E
}
(23)
To obtain the expression (23) one should put t1 = iτ ,
t = 0, t0 = iτ0, and y = −iη in Eq. (20). The coordinates
x(τ) and η(τ) in Eq. (23) are solutions of the equation of
motion following from Eq. (13)
m
∂2x
∂τ2
= −mωc ∂η
∂τ
, m
∂2η
∂τ2
= −mωc ∂x
∂τ
− ∂u(−iη)
∂η
(24)
The conditions to the equations of motion (24) are
η(0) = η(τ0) = 0,
∂η
∂τ
∣∣∣∣
0
=
∂η
∂τ
∣∣∣∣
τ0
= 0 (25)
and
x(0) = R, x(τ0) = 0,
∂x
∂τ
∣∣∣∣
0
=
∂x
∂τ
∣∣∣∣
τ0
= −v (26)
where v =
√
2|E|/m. The total energy follows from
Eq. (21)
E = −m
2
(
∂x
∂τ
)2
+
m
2
(
∂η
∂τ
)2
+ u (−iη) (27)
A solution of Eqs. (24) depends on four independent
constants. There are two types of solution. One of them
corresponds to even ∂x(τ)/∂τ and η(τ) with respect to
(τ − τ0/2). The second solution relates to odd ones. One
should choose the first solution. This defines one of the
four constants. The type of solution chosen depends on
three constants and should satisfy the four conditions
(25) and (26) taken at τ = 0. This is possible since there
is an additional free parameter τ0.
The method of complex classical trajectories allows to
connect the two physical points in Fig. 3 which char-
acterize states before (τ = τ0) and after (τ = 0) tun-
neling. This connection is shown schematically by the
dashed curve in Fig. 3. One can say that this curve
provides, in the action S(x, y), a “bypass” of the region
0 < x < R through the complex plane operating with the
function S(x,−iη). Inside that region the wave function
can be very complicated and an advantage of the trajec-
tory method is that this complicated behavior remains in
shadow since we are interested by only terminal points.
IV. LONG DISTANCE TUNNELING
In this Section we give a further consideration of tun-
neling in the magnetic field by solving classical equations
of motion to obtain particular results.
A. Classical trajectory
A solution of the first equation (24) has the form
∂x
∂τ
= −(v + ωcη) (28)
With Eq. (28) the expression (27) turns to
m
2
(
∂η
∂τ
)2
+ v(η) = E (29)
where the potential energy is
v(η) = u(−iη)− m
2
(v + ωcη)
2 (30)
5η
v(  )
E
∆η0
η
FIG. 4: The effective potential for a transverse motion in
imaginary time forms a well.
As follows from (29), a dynamics of the transverse com-
ponent η of the classical trajectory is analogous to a clas-
sical motion in the potential (30).
In the equation (30) v(0) = −mv2/2 = E. If η(0) = 0
then, as follows from (29), ∂η/∂τ is also zero at τ = 0.
Therefore, to get the same conditions at τ = τ0 a motion
in the potential (30) should be periodic and the potential
(30) should have a form of a potential well. In our case,
the potential (30) has the form
v(η) = u0
(
η4
a4
− η
2
a2
)
− m
2
(v + ωcη)
2 (31)
The potential (31), with the parameters chosen in Sec. V,
is plotted in Fig. 4 where v(∆η) = E.
B. Choice of a potential u(y)
One should make a remark about the shape of the
potential in Fig. 4. This shape substantially depends
on analytical properties of the function (3) in the com-
plex plane. If to take in Eq. (3) a pure quadratic po-
tential u(y) = u0y
2/a2 or a pure harmonic one u(y) =
u0 (1− cos y/a) then it would be no well in v(η) and the
considered method does not work. The potential (3) is
not unique one resulting in the well. For example, the
form u(y) = u0 (1− cos y/a)2 is also suitable. We do not
completely analyze a connection of a shape of v(η) with
analytical properties of u(y) and only restrict ourself by
the simplest form (3).
C. Periodic motion
The periodic motion of η(τ) is shown in Fig. 5(a). The
function x(τ), determined by (28), is drawn in Fig. 5(b).
A period ∆τ of oscillations, according to Eq. (29), is
∆τ =
√
2m
∫ ∆η
0
dη√
E − v(η) (32)
η(τ)
x(  )
R
∆τ τ 0
∆τ τ
τ
∆η
∆x
τ
τ
0
0
0
(b)
(a)
FIG. 5: The classical trajectory in imaginary time. It is cho-
sen N = 3. (a) The transverse component (y = −iη). (b)
The motion in the direction of tunneling.
Each cycle of η(τ) in Fig. 5(a) results in the translation
of x(τ) by ∆x determined by
∆x =
√
2m
∫ ∆η
0
dη
v + ωcη√
E − v(η) (33)
D. Euclidean action
The probability of tunneling (22) is determined by the
Euclidean action (23). By means of Eq. (28) the action
(23) reads
A =
2
~
∫ τ0
0
dτ
[
−m
2
(
∂η
∂τ
)2
+ v(η)− E −mv∂x
∂τ
]
(34)
With the expression (29) the action (34) takes the form
A = AWKB − 2m
~
∫ τ0
0
dτ
(
∂η
∂τ
)2
(35)
where AWKB is determined by Eq. (2) and comes from
the last term in Eq. (34). AWKB in Eq. (35) is connected
with the motion in the direction joining the two wells and
it is generic with the conventional under-barrier action
in a multi-dimensional case [2,3,5,6]. The second term in
Eq. (35) is a counter-part originated from the transverse
kinetic energy. It is negative since for a classical trajec-
tory in a magnetic field y2 = −η2 is negative.
As mentioned above, the method of trajectories is ap-
plicable when the exit point yexit in Fig. 2 is zero. This
is possible when the barrier length R coincides with
an integer number of periods ∆x (R = N∆x and also
τ0 = N∆τ), since at the end of each period the condition
η = 0 holds. Fig. 5 is plotted for N = 3. By means of
(29), the last term in Eq. (35) can be written as (−N∆A)
where
∆A =
4
√
2m
~
∫ ∆η
0
dη
√
E − v(η) (36)
6The action (35) is linear with respect to R and takes the
form
A = AWKB −∆A R
∆x
=
(
2
√
2m|E|
~
− ∆A
∆x
)
R (37)
The second terms in Eq. (37) are counter-parts resulting
from the transverse kinetic energy.
The condition of applicability of the presented method
of trajectories
R = N∆x(H) (38)
imposes a restriction on possible values of the magnetic
field H = hN .
E. Euclidean resonance
As one can see from Eq. (37), the action A is reduced
compared to its WKB part AWKB . Under variation of
the magnetic field, as shown below, one can encounter a
situation when A becomes small and formally tends to
zero, at a certain value HR of the magnetic field, as A ∼
(HR −H)R. This means that the tunneling probability
becomes not exponentially small at H → HR even for a
long barrier (big R) [19]. The quantity HR plays a role
of a “resonance” magnetic field. Since the probability to
cross a long barrier is not small this process can be called
long distance tunneling.
The phenomenon when A → 0 at some value of a pa-
rameter is referred to as Euclidean resonance. Euclidean
resonance was established initially for tunneling through
a nonstationary barrier when the action turned to zero
at a certain ac amplitude [12,13,14,15,16]. Euclidean reso-
nance occurs also in our case of a static barrier in a static
magnetic field giving rise to long distance tunneling.
The method of trajectories used corresponds to one-
instanton approach when a probability is determined by
a small exp(−A) as in Eq. (22). A trajectory in imag-
inary time is called instanton. Indeed, at H < HR the
probability Eq. (22) is small. When H is close to HR
the quantity exp(−A) is not small and one should apply
a multi-instanton approach which accounts all powers of
the exponent (22). This approach is beyond our one-
instanton method and, strictly speaking, we do not know
w(H) at H > HR.
Nevertheless, one has to expect that at H > HR the
tunneling probability also decreases. An indication of
that is a small probability found in Refs.[7,8,10,11] at high
magnetic field, |E| ≪ mω2ca2, which is bigger than HR.
Therefore, one should expect a peak of w(H) at H =
HR as drawn in Fig. 6. As shown in Sec. V, the width
of the left-hand part of the peak can be estimated as
HR/AWKB . The dots on the curve in Fig. 6 correspond
to applicability of the present method of trajectories. In
other words, we know the probability of tunneling only
at discrete points on the curve in Fig. 6. The full smooth
curve goes through these discrete points. If, occasionally,
w(H)
H
H0
N+1h
Nh
R
FIG. 6: The probability of tunneling as a function of a mag-
netic field has the peak at HR (Euclidean resonance). The
values of the magnetic field hN correspond to the total dis-
tance R = N∆x.
HR is close to one of hN , then one can approach the top
of the curve in Fig. 6 within the method used.
V. CALCULATION OF TUNNELING
PROBABILITY
In this Section we perform a calculation of tunneling
probability on the basis of the formalism developed in
Sec. IV. For simplicity we choose u0 = |E| in Eq. (31).
Then the action (37) takes the form
A =
[
1− f1(p)
f2(p)
]
AWKB (39)
where
p =
mω2ca
2
2|E| (40)
The functions are defined by the relations
f1(p) = 2
∫ z0
0
dz
√
z2 − z4 + 2z√p+ pz2 (41)
and
f2(p) = 2
∫ z0
0
dz
1 + z
√
p√
z2 − z4 + 2z√p+ pz2 (42)
where z = η/a and the limit of integration z0 = ∆η/a
corresponds to a zero of the square root. With these
definitions,
∆A =
2a
√
2m|E|
~
f1(p), ∆x = af2(p) (43)
Eq. (40) leads to the relation
H ≃ 3.37√p
√
|E|(eV)
a(A˚)
× 104(Tesla) (44)
7When p is close to the value pR ≃ 1.76, as follows from
numerical calculations, f1(pR) = f2(pR) ≃ 6.52 and the
action (39) reads
A ≃ 0.31 (pR − p)AWKB (45)
According to Eq. (44), pR determines the resonance mag-
netic field HR
HR ≃ 4.47
√
|E|(eV)
a(A˚)
× 104(Tesla) (46)
As one can see from Eq. (40), HR corresponds to the
condition mω2ca
2 ∼ |E|. When H is close to HR
A ≃ 1.1HR −H
HR
AWKB (47)
Within the approach used, the magnetic field H has to
provide the condition exp(−A)≪ 1. This means that H
should be less than HR and not very close to this value.
The probability of tunneling (22) with the expression (47)
describes the left-hand part of the curve in Fig. 6. Dis-
crete points hN on that curve correspond to values pN in
Eq. (44) which are determined by the condition following
from (38) and (43)
R
a
= Nf2 (pN) (48)
Close to pR one can use the expansion f2(p) ≃ f2(pR)−
0.33(pR − p). Together with the definition (40) one can
obtain positions of the dots in Fig. 6
hN
HR
= 1− 0.43
(
6.52− R
Na
)
(49)
The discrete values on the left-hand part of the curve in
Fig. 6 is described by the formula
w(hN ) ∼ exp
(
−1.1 HR − hN
HR
AWKB
)
(50)
which follows from Eqs. (22) and (47). Eqs. (49) and
(50) are valid when hN is less than HR and is close to
this value.
The potential barrier, chosen in Sec. III, rather cor-
responds to tunneling between quantum wires. A bar-
rier between wires should be one of a variety of analyt-
ical forms resulting in a well of the potential v(η). In a
real experiment, when an inter-wire potential is created
by some method, it is hard to get a certain analytical
form of u(y). Nevertheless, among various realizations of
u(y) a proper analytical form can exist. Let us choose
in the potential (3) a = 140A˚. The discrete energy level
E = −10−3eV relates to experimental values [20]. With
these parameters one gets HR ≃ 10 (Tesla), ∆A ≃ 29.6,
∆x ≃ 913 A˚, and AWKB ≃ 0.032R (A˚).
It is informative to note that for the barrier length
R = ∆x the tunneling probability without a magnetic
field (2) is 10−13 and for R = 3∆x it is 10−39. The
magnetic field may turn these probabilities into not small
values.
VI. INTERPRETATION OF LONG DISTANCE
TUNNELING
In this Section we propose a scheme for explanation of
long distance tunneling in physical terms.
The method of trajectories provides not only a wave
function ψ(N∆x, 0) but also
∣∣ψ(n∆x, 0)∣∣2 ∼ exp
[
−
(
2
√
2m|E|
~
− ∆A
∆x
)
n∆x
]
(51)
with n = 1, 2, ...N . It is possible since the trajectory
in Fig. 5 passes through the physical points {n∆x, 0}.
The expression (51) follows from Eq. (37) if to substitute
R = N∆x→ n∆x. Close to HR there is no exponential
decay of ψ(n∆x, 0) with respect to n. This says for an al-
most periodic (at least within the exponential accuracy)
character of the wave function along the x-axis.
A free electron in a magnetic field moves in the Landau
gauge potential mω2c (x− x0)/2 [1]. In presence of a tun-
nel barrier the motion of an electron can be interpreted
in terms of formation of a variable gauge potential when
x0 becomes a function of coordinates. For example, this
interpretation is reasonable when there are impurities in-
side a tunnel barrier which “pin” x0 [
7,8].
In our case of an almost periodic wave function one
can also propose a schematic interpretation in terms of
a variable gauge potential centered around the points
x0 = n∆x. A particle moves in this periodic potential in
a way similar to conventional motion in a periodic struc-
ture with a narrow energy band where tunneling pro-
cesses through subsequent periodic barriers are strongly
coherent. For a conventional periodic structure a wave
packet can pass over a long distance with no exponential
reduction in amplitude. This is analogous to our tunnel-
ing when the magnetic field is close to HR and decay of
a packet with distance is weak. One can say that the
magnetic field sets an under-barrier coherence.
VII. ROLE OF DISSIPATION
The under-barrier coherence can be influenced by a dis-
sipation. As known, a dissipation results in a finite width
δE of energy levels in a well and also disturbs an under-
barrier motion, according to Caldeira and Leggett [21].
In the classical dynamics dissipation corresponds to the
form mx¨ +mγx˙. Using the theory [21], one can obtain
(we omit details) the criterion γN∆τ < 1 when dissi-
pation does not influence the frictionless motion. Since
δE ∼ ~γ this criterion is equivalent to
δE
E
<
1
AWKB
(52)
When δE/E ∼ 0.01 [20], with the parameters chosen in
Sec.V, one can estimate R < 3000A˚. For a bigger R dissi-
pation modifies long distance tunneling but not destroys
8it. This is a matter of a further research. Also one can
show that a non-homogeneity δu(x) (including applied
voltage) of a barrier in the x-direction does not violate
the above results as soon as δu is smaller than an energy
of the order of |E|.
VIII. DISCUSSION
A phenomenon when in a tunneling probability w ∼
exp(−A) the quantity A tends to zero at some value of
a parameter is referred to as Euclidean resonance. A
phenomenon of Euclidean resonance is associated with
formation of an extended quantum coherence under a
barrier which substantially differs from a WKB-like de-
caying wave function.
This phenomenon was studied initially for tunneling
through nonstationary barriers. As follows from the pa-
per, it can also occur inside a static potential barrier
in a static magnetic field. In this case A tends to zero
at the certain magnetic field HR. At a vicinity of HR
the tunneling probability rapidly grows up and can reach
a value which is not exponentially small. This allows
tunneling over the distance which is bigger by the fac-
tor HR/(HR−H) compared to a conventional WKB-like
one. Euclidean resonance is a reason of long distance
tunneling.
In this paper classical trajectories are used to study
tunneling through a potential barrier in a magnetic field.
This wide distributed method is relatively simple and
allows to calculate a tunneling probability with the ex-
ponential accuracy (no pre-exponential factor). The
method of trajectories works as soon as a classical action
exceeds Planck’s constant. Hence, one can approach the
resonance value HR of the magnetic field until exp(−A)
is small.
The method also enables (by an analytical continua-
tion into complex plane) to select forms of those poten-
tial barriers which result in long distance tunneling. This
reminds a calculation of an integral of a strongly oscillat-
ing function when a deformation of an integration con-
tour toward complex plane leads to a simple evaluation
of the integral. In other words, a delicate quantum in-
terference can be effectively formulated in terms of com-
plex trajectories. Complex trajectories for tunneling in
a strong magnetic field (|E| ≪ mω2ca2) were explored in
Refs. [10,11].
The method of trajectories used allows to calculate the
tunneling probability solely at certain discrete values of
the magnetic field. A goal of this paper is not to perform
a comprehensive investigation of long distance tunneling
but just to establish this phenomenon. For this reason,
we consider a mostly convenient potential barrier related
to quantum wires. One of the next steps in the field is
a numerical calculation of the quantum problem. A nu-
merical calculations would provide a whole magnetic field
dependence of the tunneling probability and a structure
of the wave function in two dimensions. A numerical
calculation constitutes a separate problem.
An interpretation of long distance tunneling is based
on formation of a periodic variable gauge potential under
the barrier. A particle moves in this periodic potential
like in a conventional periodic structure with a narrow en-
ergy band when subsequent tunneling processes through
potential barriers are very coherent. This contrasts with
tunneling through a barrier with impurities [7,8] where
tunneling processes across subsequent barriers (formed
by a variable gauge potential which is “pinned” by im-
purities) are not coherent.
Tunneling between quantum wires with physical pa-
rameters chosen above can occur if they are separated
even by 3000A˚. From the stand point of conventional
WKB tunneling such a big separation distance relates
to an almost classical potential barrier with a tunneling
probability of 10−39. The limit 3000A˚ is set by dissi-
pation. For a bigger inter-wire distance the dissipation
affects the coherence but does not destroy it completely.
The case of a bigger inter-wire distance requires a special
consideration.
Besides particular applications (for example, tunnel-
ing between quantum wires), a phenomenon of long dis-
tance tunneling may be of a more general interest since
it strongly contrasts to the known scenario of quantum
tunneling. Being based on a phenomenon of Euclidean
resonance, long distance tunneling can be caused by a
various types of external perturbations. It can be an ap-
plied magnetic field, nonstationary electric field, and a
Coulomb field of charged particles in nuclear processes.
As preliminary calculations show, a certain static pertur-
bation of a barrier also can result in Euclidean resonance
and, therefore, in long distance tunneling. It seems to be
interesting to study a possibility of a long distance co-
herence in various quantum systems (big size molecules,
wide separated artificial quantum wells, etc.).
IX. CONCLUSIONS
The nature allows, in principle, a long distance motion
under an almost classical static potential barrier which
strongly contrasts to WKB-like tunneling. An example of
this motion, similar to tunneling between quantum wires
in a magnetic field, is considered in the paper. At mod-
erate dissipation, a particle can tunnel through a long
potential barrier as through a conventional narrow band
periodic structure. The magnetic field sets a long dis-
tance coherence under a barrier. This phenomenon re-
lates to Euclidean resonance.
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